Let X' = [X'(i), P' x , xeQ] be a one-dimensional diffusion processes on an interval Q (^R 1 ) and p(t, x, y) be its transition probability density with respect to the speed measure m(dx). We are interested in the problem of describing the asymptotic behavior of p (t, a, a) as f-»0[oo] in terms of the speed measure m. Concerning this problem, there have been several works when a e Q is the regular left end point except a trap: By completing I. S. Kac's result [3], Kasahara [4] showed that p(t, a, a) varies regularly in t if and only if m[0, x) does so in x. I. S. Kac [2] discussed the condition of the convergence of integrals related to the spectral function corresponding to the measure m(dx) and this result gives conditions for the convergence of the integrals \ cp(f)p(t 9 Jo+ f°°a , a)dt and \ <p(i)p(t, a, a)dt in terms of the measure m(dx) for some class of positive nonincreasing functions <p(t).
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Let X' = [X'(i), P' x , xeQ] be a one-dimensional diffusion processes on an interval Q (^R 1 ) and p(t, x, y) be its transition probability density with respect to the speed measure m(dx). We are interested in the problem of describing the asymptotic behavior of p(t, a, a) as f-»0 [oo] in terms of the speed measure m. Concerning this problem, there have been several works when a e Q is the regular left end point except a trap: By completing I. S. Kac's result [3] , Kasahara [4] showed that p(t, a, a) varies regularly in t if and only if m[0, x) does so in x. I. S. Kac [2] discussed the condition of the convergence of integrals related to the spectral function corresponding to the measure m(dx) and this result gives conditions for the convergence of the integrals \ cp(f)p(t 9 Jo+ f°°a , a)dt and \ <p(i)p(t, a, a)dt in terms of the measure m(dx) for some class of positive nonincreasing functions <p (t) .
In this paper we remove the restriction that a is the left end point and obtain the following results for the general case of an interior point or a regular end point. Our main results are following: First, we obtain some inequalities estimating the growth order of the function p(t, a, a) when f->0 or +00 using some nonincreasing functions F a (t) defined in terms of the speed measure in. The proof of these inequalities is based on some inequalities similar to that of I. S. Kac [3] concerning c°°G (a, a, a)=\ e~**p(t, a, a)dt which we will prove by a probabilistic me-Jo thod. Second, using these inequalities we obtain necessary and sufficient conditions, in terms of the speed measure m, for the convergence of the f f°°i ntegrals \ (p(i)p(t, a, a)dt and \ (p(t)p(t, a, a)dt for any positive and Jo+ J nonincreasing function r/>(/).
Our results will be applied to obtain, for a two-dimensional diffusion process which is given as a direct product of one-dimensional diffusion processes, necessary and sufficient conditions for possibility of hitting a given point and for recurrence or transience of the diffusion. If IteQ, then the boundary condition is given by or where Og/q, m,, ^<oo and U 1 (l l ) = u + (l l +) 9 u 2 (] 2 )^u-(l 2 -).^ If we extend m(dx) and k(dx) on Q so that Jo Through this paper we shall introduce the following notation: we write
if and only if First we study the asymptotic behavior of P a (f) as 1 1 0. 
and 0 a (f) x!F a (0 as 11 0 which can be verified directly.
Next we study the case ffoo. We are interested only in the case Km P a (i) = oo (a e Q r ), which holds if and only if the following con- 
Applications to Two-Dimensional Direct Product Diffusion Processes
Let X i = lX i (t), Pi, .xeQ'] (i = l, 2) be a conservative one-dimensional diffusion process with the generator (&u)(x) = u i+ (dx)/m l (dx), where u i+ (x) denotes the right derivative by s l (x). Assume that X 1 satisfies the conditions (P-l), (P-2) and (P-3) for each i. We define a twodimensional diffusion process X on Q = Q l x Q 2 by X=iX(t) = (X 1 (t), X 2( t )),P x =pi 1 xP 2 : 2,x = (x 1 ,x 2 )EQ]. Let G(a, ^,3;) be its Green function. On the possibility of hitting a single point a (EQ r = Q ir xQ 2r ) for the sample path of X, it is well known that P x (a a <co)>Q (xeg 1 ") if and only if G(a, a, 0)<oo. Also it is well known that the process is recurrent if and only if limG(oc, a, 5) = 00 (a, beQ r ). Combining oao these, we see that P x (<7 fl <oo) = l (xeg 1 *) if and only if G(oc, a, a)<oo and limG(a, a, a) = 00. Thus denoting <Pj,(x) etc. by the inverse function a;o of x^U i a (x)=\ m^t^s^a), s^aj + y^dy etc., we have the following Jo results from Theorem 4.1. and Theorem 4.2.
Theorem 5.1. Fix any point a = (a 1 , a 2 )eQ r . In order to P x (v a <oo)>0 for all xeQ r , it is necessary and sufficient that the integral In order that X is recurrent it is necessary and sufficient that the integral (5.2) diverges for some />0 and some (and hence all) a = (a 1 9 a 2 )eQ r , where v l a i(x) is the function given in Table 5 .1.
Theorem 5.3. Fix any point a = (a 1 , a 2 ) eg 1 ". Jw order to -P x (o" fl <oo) = l for all xeg r , if is necessary and sufficient that the integral (5.1) converges for some (5>0 and the integral (5.2) diverges for some
As an immediate result of Theorem 5,1 we obtain the following:
Corollary 5,4. Two-dimensional Lebesgue measure of {aeQ r ; In particular if m 2 (dx 2 )~constant x \x 2 \ v dx 2 (y> -1), then we have Table 5 .3, where A° = {(x l , 0); x l eR 1 }.
In the case y = 0 these properties are well known, for X may be considered as a two-dimensional Brownian motion.
Example 5.6. Let Q i = R 1 9 s / (x')= x f and m 1 (t/x 1 )= constantx I* 1 ! 7 dx 1 (y>-l). Then for any fixed point a = (a 1 , a 2 ) we obtain the following table. 
